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Abstract 

The mass of the Higgs boson in the Split Super symmetric Standard Model 
is calculated, including all one-loop threshold effects and the renormalization 
group evolution of the Higgs quartic coupling through two- loops. The two- loop 
corrections are very small (<C 1 GeV), while the one-loop threshold corrections 
generally push the Higgs mass down several GeV. 
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1 Introduction 



The gauge hierarchy problem of the standard model (SM) of particle physics has 
been a fruitful source of inspiration for beyond the SM physics. Most notably, a main 
reason for the prominence of supersymmetry was its natural solution to this problem. 
In recent years, additional circumstantial evidence for supersymmetry (SUSY) has 
arisen from gauge coupling unification and from dark matter, although these successes 
have been partially offset by difficulties with flavor changing neutral currents and CP 
violation which arise from light SUSY scalars. Thus, it may be reasonable to abandon 
the original motivation for SUSY and consider the implications of a theory which 
maintains all of the successes of the MSSM, except for the hierarchy problem, and 
does away with some of the difficulties. This proposal, called finely tuned, or split 
supersymmetry, has appeared in [l][2j, and some phenomenology has been discussed 
E3 0] E3 El ED • In split supersymmetry, a single Higgs scalar is fine tuned to be 
light, with the understanding that the fine tuning will be resolved by some anthropic- 
like selection effects. This approach may have a natural realization within inflation 
and string theory ^U|, where an almost infinite landscape of vacua may contain a 
small percentage which have the desired fine-tuned parameters necessary for life and 
the properties of our universe. 

The prediction for the Higgs boson mass is typically higher in Split SUSY than 
MSSM scenarios, and is thus a key distinguishing feature. The MSSM Higgs mass 
is known to two-loop accuracy [TTJ . The purpose of this paper is to bring the split 
supersymmetry Higgs mass prediction to a similar level of precision. 



2 Corrections to the Higgs Mass 

The starting point for our analysis is the split SUSY Lagrangian pQ [2j 

C = m 2 H ] H -^{H ] Hf + F v H ] Qu + F D H ] Qd + F L H ] Le + Yi.c. 

- ^^yw' + K^B^ + ^-Kda'W 1 + K ' d B)H d + h.c, (1) 

where H = —ia^H*^ H = (H + ,H°) T , and e = ioi- The predictions for the Higgs 
mass will be derived from this Lagrangian using methods similar to the work of Sirlin 
and Zucchini on the SM Higgs boson ^2] and the subsequent work of Hempfling and 
Kniehl on the SM top quark |13j . 

After electroweak symmetry breaking, the bare Higgs mass is related to the bare 
quartic coupling A and vacuum expectation value (vev) v = \^2(H°) by 
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where the dimensional regularization scale ~p is introduced into loop integrals through 
/ d 4 x — > Ji~ 2e J d d x and is elevated to the renormalization scale in MS. Each of these 
bare quantities must be related to physical quantities in order to obtain a meaningful 
relation. 

The pole mass is related to the bare mass by 

Ml = Ml(-p) + Re E h (M h ,Jt) + 3^, (3) 

where is the Higgs self energy and T h is the tadpole 2 . The bare vev is related to 
the renormalized vev via muon decay [14J : 

v 2 (jl) =v 2 F (l + IW(0, /I) + E(JI) - , (4) 



where v F = l/\]V2G F ss 246.22GeV, U ww (0,J[) is the W ± boson self- energy at 
zero momentum, and E represents vertex and box corrections to muon decay in the 
standard model. Finally the bare coupling is related to the MS coupling by 

A (/Z) = A(/l) + yCW, (5) 
where Cuv = 7 — Je + log47r and (3\ = q^= - Putting these together, one finds 
M h = </Mjtjv F (l + S h (-fl)) 
W = z[ Ml + Mfo +E M + nww(0,f*) + ^C uv ). (6) 

This formula includes all one-loop threshold and renormalization group (RG) cor- 
rections, and can be improved to include the two-loop RG corrections to the running 
of A (/l). The scale Jt should be chosen to minimize large logarithmic corrections, al- 
though at one- loop the /2 (and Cuv) dependence formally cancels from Eq.(jOJ. The 
results for 5h(ji) in the SM were given in |I2]j 3 - The split supersymmetry threshold 
corrections are discussed in detail in section 12*31 



2.1 The algorithm used to calculate the Higgs mass 

The input parameters for the Higgs mass analysis include supersymmetry breaking 
scale M s , tan/? at M s , and the soft gaugino and higgsino masses M 1; M 2 , M 3 , and 

2 No tadpole counterterm is used in this paper. It is a matter of convention whether or not one 
uses such a counterterm, and the final results are easily seen to be independent of this choice. 
3 The convention used here is related to [T""| by <5f M (this paper) = — h6f_ M f[T2]) 
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fi (not to be confused with the RN scale /i) which are specified at the scale of gauge 
coupling unification Mq ~ 3 x 10 16 GeV and are assumed to be universal 



M 1/2 = M^Mg) = M 2 (M G ) = M 3 (M G ) = fi(M G ). 



(7) 



Of course, the /x-term may take different values from the gaugino masses, but we have 
explicitly verified that the Higgs mass prediction is very insensitive to the fi initial 
value, so the results in Figs. (1-4) are valid for most other reasonable values of \i. 

First, the coupled system of differential equations |2j for g\, g 2 , gs, Fu, Fd, Fl, k u , 
Kd, k' u , n d are solved numerically. The gauge couplings are run at two loops, whereas 
the seven other couplings are run at one loop. We keep only the top, bottom, and 
tau Yukawa couplings and so can replace Fu — > Y t , F D — > Y b ,F L — > Y T in the all of 
the following formulae. The boundary values of the gauge couplings g\,g 2 ,gz an d 
Yukawa couplings Yf,, Y T are given at scale Mz from the latest world averages [E>J. As 
will be discussed in section EZ3 Yt is given at the top pole mass M t , including three- 
loop QCD corrections and one-loop threshold corrections from electro-weak and split 
supersymmetric interactions. The new split SUSY Yukawas are given at scale M s 
through the relations: 



Because the boundary values for the couplings are given at different scales, it is neces- 
sary to take an iterative approach to solving the differential equations. The couplings 
which are specified at low scales, such as y t (M t ), are guessed at the high scale M s , the 
differential equations are then solved, and the resulting value for yt(M t ) is compared 
to the correct value in order to obtain a better guess, at which point the procedure 
is repeated. Five iterations are usually sufficient. An additional complication arises 
because the split SUSY corrections to Y t (M t ) (detailed in section depend on U, V, 
and N, which depend on the solutions of the RGE's for the gaugino/higgsino masses, 
which depend on the solutions of the RGE's for the dimensionless couplings, which in 
turn depend upon Y t (M t ). Thus, this entire analysis should be performed iteratively. 

Armed with the RGE evolution of the dimensionless couplings, the RGE's for the 
soft masses Mi, M 2 , Ms, and /i are then solved and are run down to scales Mi, M 2 , 
M 3 , and \i, respectively, where the physical pole masses are extracted, as detailed in 
section 12.21 The chargino and neutralino mixing matrices U, V, and will appear in 
the threshold corrections. 

In section 12.41 the two-loop running of the Higgs quartic coupling will be given. 
The solutions for gi, g 2 , #3, Fu, Fd, Fl, k u , Kd, k' u , n' d yield the required inputs to 



g 2 (M s ) sin (3 
g 2 (M s ) cos 
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solve the A RGE, with the gaugino and higgsino masses providing the appropriate 
matching scale between the Standard Model and split supersymmetric running. The 
boundary value of the Higgs quartic coupling in minimal split supersymmetry is 

A(M 5 ) = \ (gl{M s ) + ~<7 2 (M S )) cos 2 2/3. (9) 

Finally, all that remains is to include the finite threshold corrections in Eq.fjHJ). 
These are detailed in section 12.51 Results for the Higgs mass are given in section El 



2.2 The gaugino and higgsino mass spectrum 



The formulae for the running of the gaugino and higgsino masses are given in Eqs. (57- 
63) of Ref.0. 

The gluino mass appears in our analysis as the threshold for the running of the 
strong coupling. It is straightforward to evaluate M 3 at scale M 3 and deduce the pole 
mass 



M~=M 3 (M 3 ) 1 + 12 



(4tt)< 



(10) 



The chargino and neutralino mass matrix diagonalization proceeds similar to the 
MSSM jT^]. The mass matrices are given by 



X 



(M 2 *f 



\ V2 



Y 



Mi 






M 2 



K d" K d V 
K 'u V _KuV_ 

V V2 V2 



K 'd v 


K 'u v 


\ 




V2 




K d V 






V2 


V2 
















/ 



'ID 



These are diagonalized by matrices U, V in the chargino sector (xfXi ) an d N in 
the neutralino sector (Xi) : 



xi = v&/>+ 

where the gauge eigenstates are 



Xi 



w- 
h: 



(12) 



(13) 



The matrices U, V, N are specified by 

N*YN- l =M^ = diag{Mf\ Mf\M 3 (A °,Mf } } 



NY ] YN~ l 

wxv- 1 

VX^XV' 1 



M^ = diag{M 1 (c) ,Mf ) } 
(m(°)) 2 = U*XX^U T 



(14) 
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The running mass parameters Mi, M 2 , \x are evaluated at the scales Mi, M 2 , /i, 
respectively, in an iterative fashion. This minimizes the threshold corrections relating 
the pole masses and running masses, which are not considered in detail. In any case, 
the results are very insensitive to the exact scale chosen. The threshold effects due 
to gaugino masses are incorporated into the running of the dimensionless parameters 
appropriately. 



2.3 The Top Quark Yukawa coupling and pole mass 

Since the Higgs mass is most sensitive to the top Yukawa coupling, it is important 
to carefully extract this from the pole mass, which is taken from the 2005 summer 
average of CDF and DO to be M t = 172.7 ±2.9 GeV. The leading corrections are 
from QCD, and were calculated to two-loops in [TH] and to three-loops in [THj. The 
full electro- weak corrections at one-loop were considered in pvTi. where the authors 
found the following relation between the pole mass, the MS Yukawa coupling, and 
the vacuum-expectation- value vp '■ 

VtW=^—(l + 6t<ji)\ (15) 



The correction term is derived analogous to Eq.fjHJ) and is given by 



5 t {n) = ReS t (M t , fj) ^fiT ^ t Cuv - ( 16 ) 



In this formula, represents the top quark self energy and E is the vertex and box 
corrections to muon decay, neither of which receive new contributions in split SUSY 
at one-loop. However, the W boson self energy, Hwwi does receive corrections, which 
are calculated below. The UV divergence, Cuv, multiplying the top Yukawa beta 
function f3 yt = fl^g= comes from the relation between the bare and MS Yukawa 
coupling and is canceled by the divergent parts of S f , UVw, and E. 

It is convenient to decompose the correction term into parts arising from QCD, 
electro- weak theory (EW), and split-supersymmetry (SS) : 

SM = 5? CD (ji) + 5? W (JI) + 5? s (p) (17) 

The three-loop QCD term derived from JHUnj for the top quark at scale fx = M t is 

, Q CD^_, /r , _ 4fa 3 (M t )\ ni fa 3 (M t )\ 2 on ( a 3 (M t ) x ' 



5^ u {fJ = M t ) « - -9.1 _ 80 



3 V 7T I \ 7T I \ 71 J 

w -0.046 - 0.011 - 0.003 ^-0.060 (18) 

for a-^iMz) — 0.118. While the EW term given in Ref.[T3*j formally depends on 
Mh and M t , it turns out that in the range of Higgs and top masses of interest, this 
contribution is negligible \Sf w \ < 0.001. 
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Now we turn to the SS corrections, which arise only from the gaugino and higgsino 
contribution to the W ± self-energy. The W ± — — xf vertex is given by igj^(LijP L + 
RijPR), with 



1 



(19) 



This vertex is used to derive the split SUSY corrections involving charginos and 
neutralinos : 



167^11^(0,71) 



-2M^C UV X 2 {SS) 



i=lj=l \ 
+ 2(L i3 -i& + RijL*;) 



a 



2 'log^-l/2)+6 2 (log^-1/2 



ah 



a 2 — b 2 



log ^ - 1 

v A 4 , 



2U2 



a 2 b 



(20) 

2 



a 2 -b 2 



a 



lo g=2 

v A* 



where we used the shorthand a 
The resulting correction term 



(CO 



b = Mf° and X 2 (SS) is given in Eq.J23J. 



n 



(C,JV)/ n -rr 



WW 



(0,71) 



2M 2 , 



f22) 



c uv =o 



depends on the soft gaugino mass terms, tan/3, and the scalar mass scale Ms- The 
scale 71 must be chosen in accordance with the decoupling scale M S s imposed on y t at 
the chargino/neutralino thresholds, ~p = M$s- The exact scale is not very important, 
but consistently applying the choice to both the running of y t and the threshold 
correction 6f s is important. For the explicit results given in Figs. (1-4), the decoupling 
scale was chosen to be the mass of the lightest supersymmetric particle, which is 



typically a neutralino. Generically the split SUSY correction is small, |5jf (/x = 
Mss) |^0.01, but should be included since it can lead to a shift in the Higgs mass of 
up to 2 GeV. 

To summarize, we have found 



Vt{Mt 



0.945 



175 GeV 



l + 5f s (M ss )) 



(23) 



b 2 
(21) 



2.4 The 2-loop running of the Higgs Quartic Coupling 

It is useful to define the following invariants involving the standard model Yukawas 
and the new split SUSY Yukawas : 



Y 2 (SM) 



Tr 



SFtjFu + 3FlF D + FlF L 
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Y 4 (SM) 
Y 6 (SM) 

Y G (SM) 



X 2 (SS) 
X A {SS) 



+ 



Tr[3(F^Fu) 2 + 3(F ] D F D ) 2 + (F+F L ; 
Tr[3(FlFu) 3 + 3(f£f d ) 3 + (F^; 

\g\ + \g\ + % 3 2 ) Tr(FhFn) + \{& + gl)^{FlF L ) 



4 

3( K u + K d) + K u + K a 
-2,2 



J2\2 



5« + 4) + 2K 2 u Kj + 2(K U K' U + K d K' d ) 2 + (k' 2 + K' dJ . 

The running of the quartic coupling A of the Higgs boson is governed by 



R -~ dX 



16tt 2 



M 2, + 



(16tt 



2^2<^ 



The one-loop beta function is given by 
/3« = 12X 2 -9X^g 2 l+ g 2 2 



27 9 

^ ' 4 j _ 2 2 

Too 6 ' 1 To 9192 



9 4 
4^ 



+ AXY 2 (SM) - AY 4 {SM) + 2XX 2 (SS) - X 4 (5'S'). 
The 2 loop result is conveniently divided into two terms, 



(24) 



(25) 



(26) 



(27) 



where SS is the new split SUSY contribution and SM' denotes the standard model 
result modified to include gauginos and higgsinos in gauge boson self-energies. This 
is accomplished by replacing the number of generations in the SM result with 



N g (l) = 3 + 3/10 = 33/10 N g (2) = 3 + 3/2 = 9/2 



(28) 



p£\SM') = -78X 3 -2AX 2 Y 2 (SM)-XY 4 (SM)-A2XTt(fIf u fI ) F d ) + 20Y 6 (SM) 
- V2Tt[F} J Fu{FijF u + F ] D F D )F ] D F D } + 10XY G (SM) + 54A 2 (g 2 2 + \g\ 



+ 



313 



- 10^(2) ) g\ - (2^ + 2iV g (l) ) g\ 



117 
~20~ 



2 2 

g 2 gi 



64^Tr (FjjFu) + {F' D F D 



gtTc 2(F^F u ) 2 -(FlF D ) 2 + 3(FlF L ) 



3 
2 

/33 



( ?2 4 r 2 (5M) + ( 7l 2 
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63 



yflS " ^i 2 ) + (f^ 2 + ^ ) Tr(FlF D ) 



[fg 2 2-^gl)MFtF L ) 

'717 8 



+ 



- 8iV 5 (2)) ^ - + 8 -N g (2) ) glgf 



/717 8 Ar .A 2 4 / 531 24 Ar > 



(29) 



The new split SUSY Yukawas contribute 



+ 



12X 2 X 2 (SS) 



bUi + k!) + AAkIk 2 , + 2(<V? + k 2 k' 2 ) + n't + k' 4 



/ 4 /2 I 4 /2 \ I 2 2 / /2 i /2 \ . -i q / / / 2 , 2\ 

+ ~^\ K u K u i K d K d ) + ~^ K u K d\ K u ' K d ) ' l))K u^d^ u ^d\ K u ' K d) 

1 7 

i 91 / / ( II , /2\ , 1 ' / 2 /4 1 2 /4 1 /2 /4 , /4 /2\ 

"1 ^ lK uK d K u K d {K u -+- K d ) -+- [K U K U -+- K d K d + K u K d + K u K d ) 



^ K ' 2 K ' 2 ( K 2 u + K 2 d ) + ^X 



(gl + -gl)X 2 (SS)+8g 2 2 (K 2 u + K d ) 



- 4 #2 5« + 4) + 2 «««d + («u«« + «d«'d) 2 



, ° 2 2 



2K< + « d > 
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Too 



gfx 2 (ss). 



(30) 



In deriving these, we relied on the useful papers of Luo, Wang, and Xiao |2Uj . 
which corrected some typos from the seminal works of Machacek and Vaughn 
Also useful is Ref. 



2.5 The Higgs Self Energy and Tadpole Corrections 

In split supersymmetry there are corrections to E^, Th, and n^iy, but not to E. 

The Higgs tadpole and self-energy depend on the mass mixing matrices which 
appear in the Feynman rules. The interaction Lagrangian in terms of the physical 
mass eigenstate Dirac and Majorana fermions is given by 

C m t = -^{PlL% + P R R^f + ^(Pl(^))* + PrR^, (31) 

where the mixing matrices are 

R% = {L%f = KjfaUji + K d V n U j2 

R% = (K u N i2 — K^Ni^Nji — (K d Ni2 — K d Na)Nj 3 

The split-supersymmetric contribution to the Higgs tadpole iT h = i(T^ C ' + T^) 
involves charginos and neutralinos : 

16n 2 TP(jl) = -2V2 ]T Re 

i=i 
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C\3 



l/V-log^2^ + 1 

A 4 j 



(33) 



167^ fa) = 2 £ Re 



i=i 



RU M ?f ^v-log^^ + l 



(Mf) 2 
P 2 



(34) 



The Higgs self energies are easily written in terms of the canonical one-loop basis 
functions A (M), B (k 2 ; M 1; M 2 ) [23]: 



WzfV,/!) = £ 



^(|Lg| 2 + |i?g| 2 ) (A(M,) + A(Mj) + (M 2 + M 2 - p 2 )i?o(p 2 ; M J5 M,)) 



+ 2ReM J M J i?g(Lg)* J B (p 2 ;M J ,M^ 



lG^zfV) 



4 

E 



^/(^(Mi) + A(Mj) + (M 2 + M 2 - p 2 )^^ 2 ; M t , M, 



+ 2Re MiMjRf^ (R^)* B (p 2 ; M h M. 



(35) 



The above results lead to the following correction term for the Higgs mass: 



_ 1 (Be (zP(M h ,Jl) + Ef)(M, )7 z)) T f >(?) + if^) {CJV) 



M, 2 



+ 



Miv F 



(36) 

As discussed below Eq.(J22J), the scale \i must be chosen in accordance with the de- 
coupling imposed on A at the chargino/neutralino thresholds, Jl = Mss- Combined 
with the SM results of jT^j, which should be evaluated at Mh, the total threshold 
correction is given by 



C UV =0 



S h (M h ) 



^X(M h )v F (l + 5 h (M h )) 
S s h M (M h )+5 s h s (M ss ). 



(37) 



A useful check of these results is the cancelation of divergences C\jy in Eq.©. This 
involves repeated use of the definitions in Eq. (jl4j) . and has been explicitly verified. 



3 Results for the Higgs Mass 

The corrections to the Higgs mass considered in this paper are of three varieties: 

• Top Yukawa Coupling. The threshold corrections to the Yukawa coupling 
initial value given in Eq. (jl7j) are amplified because y t is raised to the fourth 
power in (3^\ The QCD corrections to yt(M t ) are dominant (~ —6%) and lead 
to a downward shift in the Higgs mass of about 15 GeV. The electro-weak 
corrections are negligible over the entire parameter range of interest. 
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The split SUSY correction is small but not negligible. For each choice of pa- 
rameters tan/3, M s , and M1/2, there will be a correction term <5f 5 to the initial 
value y t (Mt). However, yt(M t ) is required input for solving the coupled differ- 
ential equations which eventually lead to 8f . Thus, in principle an iterative 
approach must be taken. After performing this type of analysis we found that it 
could be circumvented by using the output <5f 5 along with the following simple 
rule of thumb : every shift in y t (M t ) of ±0.0045 will shift the Higgs mass by 
±1 GeV. The contributions of the bottom and r Yukawa couplings turn out to 
be completely negligible and can be omitted from the beginning. 

• Two-loop running of A. The two-loop correction to the beta function is 
numerically very small, which is partially due to cancelations between the SM 
and split SUSY contributions in Eqs. ()29p30|) . The shift in the Higgs mass due 

(2) 

to including j3\ is less than 300 MeV for all relevant values of M s , tan/3, and 
M 1/2 . 

• Threshold corrections (Sh). The correction given in Eq.fjHZJ) typically pushes 
down the Higgs mass by several GeV, with a larger shift occurring for small tan /3 
and small M s . Typically, the SM contributes most of this shift, with the split 
SUSY corrections ^ 1 GeV. 

All of the above corrections should be considered in the context of two sources 
of uncertainty. First, the uncertainties in the top mass M t = 172.7±2.9 GeV and 
a s (M z ) = 0.118±0.003 translate into uncertainties in of about ±(3 — 5) GeV and 
=F(0.3— 1.2) GeV, respectively. Second, there are model specific "theory uncertainties" 
at the high scale |3]. 

Some representative plots of the Higgs mass are shown in Figs. (1,2). In Figs. (3,4), 
the two-loop and threshold corrections discussed above are plotted. The large QCD 
corrections to (~ —15 GeV) arising from Eq. (jl8|) are not shown explicitly in 
Figs. (3,4) in order to clearly illustrate the other much smaller effects. 
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Figure 1: The Higgs mass prediction versus M s for tan/3 = 2 (lower dotted lines) 
and tan/3 = 50 (upper solid lines). For each set of three the middle line is with 
a s (M z ) = 0.118, M t = 172.7; the upper line is with a s (M z ) = 0.115, M t = 175.6; 
and the lower line is with a s (M z ) = 0.121, M t = 169.8. These correspond to the la 
variations of a s (M z ) = 0.118 ± 0.003 and M t = 172.7 ± 2.9 GeV, with the resulting 
uncertainties in the Higgs mass considered additively. The gaugino and higgsino 
masses at Mq are taken as universal M\i2 — 500 GeV. The experimental lower 
bound j21 of M h > 114.4 GeV (at 95%) is shown. 
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Figure 3: The Higgs mass shift for tan [3 = 2 and Myz = 500 GeV due to four types 
of threshold corrections. The correction due to the two-loop running of A is shown 
in the thick dense dotted line near zero. The Standard Model (SM) correction from 
[T2] is the dashed line. The split SUSY (SS) correction from Eq. fpjj) is the thick 
dotted line. The thin dotted line is the SS correction to the Higgs mass through the 
correction to the top Yukawa initial value, Eq. (j22j) . The solid line is the total of these 
four corrections. Here a s (M z ) = 0.118 and M t = 172.7. 
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Figure 4: Same as Fig. 3 except with tan/3 = 50. 
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